All inseparable two-mode Gaussian continuous variable states are distillable by Giedke, G et al.











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































are operators of system A and B,
respectively, satisfying canonical commutation relations
(h = 1). The characteristic function contains all the
information about the state of the system (e.g., [15]),
that is, one can nd  starting from . Gaussian states








where the correlation matrix M is a real symmetric ma-
trix, the displacement d 2 R
4
a real vector, and where
h; i denotes the standard scalar product in R
4
. Thus,
a Gaussian state is fully characterized by the correlation
matrix M and the displacement vector d.
Any Gaussian state of two modes can be transformed
into what we called the standard form, using local unitary
operations only [13, 14]. The corresponding characteris-
tic function has displacement d = 0 and the correlation















































As mentioned in [13] the local unitaries needed to
achieve standard form are linear Bogoliubov transforma-
tions, i.e., generated by Hamiltonians that are at most




. For optical elds
this means that they can be performed with beam split-
ters, phase shifters and squeezers, i.e., currently available
technology.









terize a Gaussian state up to local linear Bogoliubov
transformations (LLBT). They can be easily calculated







































) = jM j; (7b)
where jM j denotes the determinant of M ; without loss





Note that not all values of these parameters are al-
lowed, since the correlation matrix must correspond to
the density operator of a physical state. It has been
shown [17] that a given correlation matrixM corresponds
to a physical state if and only if (i)M > 0 and JMJ 
M
 1
, where J is a 4  4 matrix called complex struc-
























































On the other hand, starting from results of [14] it is



























In the following we will prove that a Gaussian state
is distillable i its parameters fulll (9); that is, i it
is entangled. We will proceed as follows: rst, we recall
the proof of the reduction criterion in [12] and extend the
result to innite dimensions. The extended criterion pro-
vides a suÆcient condition for distillability of CV states.
Secondly, we show for symmetric Gaussian states, i.e.




= n, that the inseparability
criterion (9) is equivalent to the reduction criterion. So,
all the symmetric inseparable states are distillable. Fi-





) can be brought into a symmetric form by using
local operations and without disentangling them.
We start by reviewing the proof of the reduction cri-
terion for distillability and generalizing it to innite di-







 jmi fulll the criterion (1), where
the vectors jni form an orthonormal basis of H. The
coeÆcients a
nm







(j i h j). Distillation of  is divided into




 1 can be viewed as an element of a positive-
operator-valued measure (POVM), which denes a gen-
eralized measurement [18]. Conditional on the measure-
ment outcome corresponding to AA
y

























jk; ki, the symmetric maximally entangled














) > 1=N . A state satisfying this inequal-
ity can be distilled by a generalization of the protocol
of Ref. [6], which consists of two steps: depolariza-
tion and joint measurements. Applying an operation of
the form U 
 U

(U unitary, randomly chosen) depo-








(which is invariant under
transformations of the form U 
U














3unchanged. Taking two entangled pairs in this depolar-
ized form, both A and B perform the generalized XOR
gate XOR
N
: jki jli 7! jki j(l + k)modN i on their respec-
tive systems. Then they both measure the state of their
second system in the basis jki. The rst pair is kept,
i they get the same result. The resulting state has a
density matrix 
0








than the original . It-
erating the last two steps suÆciently often, the overlap








is, we obtain a nearly maximally entangled state.
The reduction criterion was proved in [12] for nite
dimensional systems. Since we want to apply it to CV
states we have to show that it extends to innite dimen-
sions, i.e., that Ineq. (1) implies distillability even for
dimH = 1. Let fjki : k = 0; 1; :::g be an orthonormal
basis of H, let H
n
= spanfj0i ; j1i ; :::; jnig, and let  be a
density matrix on H




map occuring on the lefthand side of (1). Assume that









converges weakly to , there is N  0
such that h j E(
n
) j i <  =2 for all n  N . Thus 
can be projected by local operations to a distillable state

N
and is therefore itself distillable.
Nowwe specialize to Gaussian states. If both the states




























Let  be a symmetric Gaussian state in standard







r jnni. This is also a Gaussian state and









sinh r. In the limit of large r (keeping only the leading
terms in e
r





) > 1: (12)
For symmetric states, however, Ineq. (12) is implied


















> 1 or < 1, proving that all
symmetric inseparable Gaussian states are distillable.
If the state is not symmetric, it means that the reduced
state at one of the two sides has larger entropy than the
other. This suggests to let a pure state interact with
the \hotter" side to cool it down. To do this without
destroying the entanglement of , we proceed as follows:
 is transformed such that the correlation matrix of its









). The Wigner function is the sym-
plectic Fourier transform of the characteristic function
(4) and therefore also Gaussian for Gaussian states. The
Wigner correlation matrix M
W
is related to the (char-





One can formulate the conditions (8,9) similarly in terms








). Just as the form
(6), the Wigner standard form can be obtained by local
squeezing operations.




, i.e., B is the hotter side.
Take an ancilla mode in the vacuum state and couple it
to B's mode by a beam splitter with transmittivity cos
2
.
After a homodyne measurement of the ancilla results a













































































































M one easily sees that the sign of the
lefthand side does not change; therefore the transformed
state is inseparable i the original one was inseparable. It
remains to be shown that there always exists a  to satisfy
(13), i.e., that the right hand side of Eq. (13) is positive.





the denominator is positive for all states since the second






) > 0 and























 0, hence all Gaussian states can be
symmetrized this way. But since every Gaussian state
can be brought into Wigner standard form by local uni-
taries, this completes the proof.
Moreover, this implies that the protocol of Ref. [12]
can in principle be used to obtain maximally entangled
states in a nite dimensional Hilbert space from any given
inseparable Gaussian two-mode state. However, a prac-
tical distillation protocol for all Gaussian states remains
to be found. The realistic proposals for Gaussian states
have only been shown to work for pure states [20] or in
the limit of small or one-sided noise [21]. It is worth not-
ing, though, that major parts of the universal protocol
of [12] are in fact implemented by the procedure of Duan
et al. [21]. Let us briey discuss the steps for distillation
of an inseparable Gaussian state :
(i) remove displacements d 6= 0; symmetrize  if nec-
essary; bring the symmetric state into standard form.
These steps require the local use of beam splitters, one-
mode squeezers, ancilla systems in coherent states, and
4a homodyne measurement.
(ii) for a state in symmetric standard form the lter-
ing operation (10) is unnecessary, since then  already
















, hence A = 1.
(iii) depolarize the state; in [13] this step is not neces-
sary; we do not know how to completely depolarize an
arbitrary state quantum optically. However, since all this
operation does is to increase our ignorance of the system
it is not necessary for distillation but could for any given
 be replaced by some specic unitary that would work
just as well or even better.
(iv) This is the most important step of the distillation
protocol. A bilocal XOR is used to mutually entangle
two entangled pairs. A subsequent measurement selects
a distilled subensemble. This operation is implemented
in [21] by the total photon number measurement at both
sides: The state conditional on both A and B obtaining
the same result N diers only by a local unitary trans-
formation (namely jn;N   ni 7! jn;N i) from the one








and nally measuring the target sys-
tem. As shown before, for a suÆciently large value of N ,
the truncated state 
N+1
is distillable and then step (iv)








Iteration of the steps (i)-(iv) leads with nite probability
arbitrarily close to a maximally entangled state in some
nite dimensional space.
In conclusion we have shown that all inseparable Gaus-
sian states of two modes are distillable into maximally en-
tangled states in some nite dimensional Hilbert space.
We have described a protocol that accomplishes this and
discussed its relation to the quantum optical distillation
procedure of Ref. [21], showing that major parts of the
protocol can be implemented by simple quantum opti-
cal means. A number of open questions remain: rstly,
it is not clear how to implement the depolarizing oper-
ation quantum optically. It will be further investigated
whether this step is necessary at all for Gaussian states
and how it might be performed quantum optically. To
iterate the protocol, the same question has to be an-
swered for the states obtained by (repeatedly) perform-
ing steps (i)-(iv) on a Gaussian state. Note also that
the protocol [21] works better, when the total photon
number measurement is performed on more than two en-
tangled pairs simultaneously (indeed being optimal for
pure states asymptotically). If using many modes simul-
taneously improves the protocol for mixed states, too,
remains to be seen. Furthermore, it would be interesting
to see whether the equivalence of inseparability and dis-





modes or whether one may nd bound entangled Gaus-
sian states of bipartite systems of three or more modes.
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